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Using the concepts of conditional expectation and independence of sub- 
algebras, we characterize those contractive projections, P, on L, , over a prob- 
ability measure space, having the property that I - P is contractive. By 
contractive projection we mean a linear operator, P, on the Lebesgue space, L, , 
1 < p < co, #2, with Ps = P, 11 PII = 1. 
If L, > 1 < p < 00, # 2, is a Lebesgue space on a probability measure 
space (X, Z, m), and P : L, -+ L, is a contractive projection (a linear operator 
with P2 = P, 11 P 11 = 1) such that P(1) = 1, then P is a conditional expectation, 
EB , relative to some sub-u-algebra, 9, of Z. Ando (c.f. [I]) shows that every 
contractive projection, P, on L, induces a conditional expectation, in a natural 
way, and hence the concept of conditional expectation is central to our discussion. 
In this paper we consider contractive projections, P, on L, , having the additional 
property that the complement of P, the projection, I - P, is contractive. If U is a 
linear isometry on L, such that U2 = I, then the projections P = (I + U)/2 
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2 BYRNE AND SULLIVAN 
and I - P = (I - U)/2 are of this type. The main result in this paper is the 
converse of this observation; P and I - P are both contractive iff (if and only if) 
P = (I + U)/2 for some isometry, U, with U2 = 1 (such U will be called 
“reflections”). The analysis depends heavily on the concept and properties of 
independent sub-u-algebras, in the sense of probability theory (c.f. [6]). 
In the first section we discuss the results of Lamperti and Ando, (c.f. [5, I]), 
concerning isometries and contractive projections on L, , respectively. In the 
following section we develop properties of reflections and prove the main 
result. We conclude with a discussion of general isometries and show how 
every isometry generates a reflection in a natural way. 
Notation. If E is a set in Z, then we denote by qSE the characteristic function 
of the set E, and by xE the characteristic projection, xE(f) = f. +E . The 
complement of the set E is denoted by E’. For f E L, , we denote by J”-l that 
function in L, with the property 1 f lP = f .jD-l (where p-l + 4-l = 1). By 
N(f) we mean the support off. 
1. ISOMETRIES AND CONTRACTIVE PROJECTIONS 
If U : L, -+ L, is an isometry, then U induces a set mapping, T : ,Z + Z, 
defined by T(E) = N(U(&)). If we then define a set function, m*, on the 
range of T, by m*(T(A)) = m(A), t i can be shown that m* is a measure, 
absolutely continuous, with respect to m (restricted to the range of T). Let 
1 h ]P be the Radon-Nikodym derivative of m*, with respect to m. Then, we 
can describe U by the formula 
WE,) = h * hE) 9 for E EZ. (1) 
The set mapping, T, is a regular set isomorphism; i.e., 
(a) T(X - E) = T(X) - T(E); 
(b) T(UzeZ=, A,) = u,“=, T&J, for disjoint A, ; 
(c) m(T(E)) = 0 iff m(E) = 0. 
It can be shown that these three properties imply the following properties: 
(d) T(A) C T(B) iff A C B; 
(e) T(A) n T(B) = o iff A n B = o ; 
(f) T(A - B) = T(A) - T(B); 
(g) T(Uzzl 4 = UL, T(&), for all A, ; 
(4 W-t=~ -4) = f-t=, WL). 
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The range of T is a sub-u-algebra of Z: In general, we cannot say that T(X) = X. 
However, if U is a reflection, then the induced set mapping, T, has the property 
that T(T(E)) = E, and so, by (d), T(X) = X. I n what follows, we shall assume 
that T(X) = X. We shall study reflections by studying the induced set mapping. 
It is easy to see that every set mapping having the properties (a), (b), and (c) 
induces an isometry, in the manner of (1). For proofs and details, see Lamperti 
[51. 
The contractive projections, P, on L, having the property 
llfll,” = II W>ll,” + IU - P)(fX (2) 
have been characterized; they are characteristic projections (c.f. [7]). If U is a 
reflection on L, , then, for E E Z:, the mapping U 0 xE 0 U-l is a contractive 
projection on L, , with property (2). Therefore, there is a set, H(E), such that 
xHtE) = U 0 xE 0 U-l. We shall show that H = T, where T is the regular set 
isomorphism associated with U. 
Remark. If f ELM , and 99 is a sub-a-algebra of Z, then S(f, 93) is the closed 
linear subspace of L, spanned by elements of the form f. &, E E ~2. These 
are the cycle subspaces, and we have 
S(f> 2) = S(4NW > 3 
and 
S(f7 a’) = S&W ,B!> 
iff f is a-measurable. 
LEMMA 1. For any f EL, , and reflection, U, we have U[S(f, Z)] = S(Uf, Z). 
Proof. It follows from the definition of H that, for any set E E 2, U(&f) = 
&tE) + Uf, and, consequently, U[S(f, Z)] C S( Uf, 22). Since U-l is also a 
reflection, we can prove, similarly, that U-l[S(Uf, Z)] C S(f, 2). 
COROLLARY 1. For each E E Z, T(E) = H(E). 
Proof. From Lemma 1 and the definitions of H and T, we have 
XHd-u = u o XE o ~-1[u 
= u o x&91 
= u o XE[S(l> a1 
= ULWE 3 91 
= S(%,3 
= WTk, 3 3 
= XTdLPI’ 
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COROLLARY 2. There is a set E (f o , # X) such that H(E) = E, $7 there 
is f EL,, f # 0, with N(f) # X, and N(f) = N(Cf). 
Proof. If such an f exists, then, using the same arguments as in Corollary I, 
we show that H(N(f)) = N(f). C onversely, if such an E exists, f = & has 
the desired properties. 
If P is a contractive projection on L, , and P(1) = 1, then P is a conditional 
expectation, E9 , for some sub-u-algebra, g, of 2 (c.f. [I]). Even if P(1) f 1, 
there is a function, f, in the range of P, such that N(g) C N(f) for all g in the 
range of P. Let .f be such a function, and define the Lebesgue space, Yf , by 
where, by 1 f 1% we mean the measure (1 f I%)(A) = sA 1 f jp dm. Now, define 
a mapping, P*, on Y, , by 
p*(k) = P(f . w-9 
for K E Yr . It is easily shown that P* is a contractive projection on Yf , and 
that P*(l) = 1 (where, of course, “1” means “q5N(f)“). It then follows that 
P* is a conditional expectation, relative to some sub-u-algebra, 99*, of Z n N(f) 
and the measure, /f I%. The class g*, considered as a sub-class of Z, is not 
an algebra, but is a sub-u-ring with maximum element, N(f). Let 28 be the 
unique sub-u-algebra of Z containing g’*, and having the properties 
(a) EnN(f)Egiff EnN(f)EB*, forallEEZ1; 
(b) ifEnN(f)=ia,thenEE99,forallEEZ. 
We shall denote the conditional expectation, P*, by P* = E,‘. The context 
will clarify any possible ambiguity. We can see, now, that if P is a contractive 
projection on L,, , then there are f E L, , and a, a sub-u-algebra of Z, such that 
P(g) = f-%‘(m!f). 
Therefore, the range of P is S(f, g). Since L, is smooth, P is determined by 
its range (c.f. [3]). 
We shall have need, later, of the concept of independence of two sub-u- 
algebras. We say that a and g are independent if, for every A E GY, B E 9, 
we have m(A n B) = m(A) . m(B). For any measurable function f, let g(f) 
be the sub-u-algebra of Z generated by sets of the formf-l(A), for Bore1 sets A, 
in the complex plane. We say that two measurable functions, f and g, are 
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independent (f and CPI are independent) iff 9?(f) and g(g) are (a(f) and OZ are). 
If f and g are in L, and are independent, then f * g is in L, , and 
See Lbeve [6] for details. 
2. CONTRACTIVE COMPLEMENTARY PAIRS 
A simple example will illustrate the concepts involved in this discussion 
and may help to motivate some of the definitions. Consider the space, lP4, of 
four-tuples, with the usual Z, norm. The mapping U(Q, b, c, d) = (b, u, d, c) 
is a reflection on this space, and its invariant subspace consists of four- 
tuples of the form (a, a, b, b). Let X = {1,2,3,4}, and 2 = 2x. Then, if 
02 = (0, {L2), (3,419 Xl, we can see that the invariant subspace of U is 
S(1, a). The projection, P = (I + U)/2, is E,. The projection I - P has 
range S( g, a), where g = (1, - 1, 1, - 1). We find, also, that 9Y( g) = 
I0 9 0,3], (2941, Xl, and hence 8(g) and 02 are independent. Returning to 
the general L, space considered above, we make 
DEFINITION 1. A pair of complementary contractive projections {P, I - P}, 
with ranges S(f, a) and S( g, a), respectively, is said to be total if N(f) = 
N(g) = X. A total pair is called independent if, for some choice off and g 
in the representation of the ranges, it is the case that GY and g/f are independent 
(for the measure 1 f 1%). As we shall see, this implies independence of QZ and 
f/g for the measure 1 g 1%. 
Remark. If contractive projection, P, has range S(f, 9), then E E 9Y iff xE 
and P commute. Therefore, in the case of the total pair {P, I - P}, the same 
algebra will generate each range. 
What we discovered, in the example above, is that the reflection, U, gave 
rise to an independent pair {P, I - P}. With some slight restriction on U, 
this is always the case, and this result will be fundamental to the proof of the 
main theorem. 
DEFINITION 2. Let U be an isometry on L, . We say that U is reduced, 
if UxE = xE implies E = 0. 
Remarks. The isometry, U, is reduced iff the invariant subspace does not 
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contain any cycle of the form S(#, , Z). An isometry, U, is reduced, iff its 
associated regular set isomorphism has the property 
“for any A E 2, 3F E .Z, F C A, with T(F) # F”. 
For an isometry, U, let E be the largest set in 2 such that ?I,, = xE . Then 
Ux,, is a reduced isometry on the L, space S(&, ,2). Therefore, any isometry 
can be considered as a reduced isometry, restricted to a subspace S(& , Z), 
and the identity, restricted to S(& ,2). 
The first theorem we shall prove is 
THEOREM 1. The following are equivalent: 
(a) There is a reduced reflection, U, on L, , with invariant subspace, M; 
(b) There is an independent pair of contractive projections on L, , with 
range, M, and null manrfold, M, respectively. 
(c) There is a sub-u-algebra, Ol, of C, and there is a set B, # @, # X, 
B E .Z, such that, for every E E Z, 
E = (A n B) u (C n B’), 
where A and C are in GZ. 
We shall prove this theorem by examining the induced regular set isomorphism 
associated with a reflection. 
Let U be a reflection on L, . Then, the associated T has the property 
T( T(E)) = E for all E E Z. Let 
~={(AEE]A= T(A)} and .%-={KEZ~IK~T(K)= m). 
Then CY is a sub-u-algebra of 2. A set B in 3” is said to be maximal in X if 
B C C, B # C, implies C IX. 
LEMMA 2. S has a maximal element. 
Proof. We shall show that every increasing chain in % has an upper bound, 
in X. We may assume that any such chain is, at most, countable. Suppose, then, 
that B,CB,C... is such a chain in X. Then, if D = UL, B, , we show 
that D E .X. Since B, is in 37 for all n, we have, for all n, 
(bB, + hB,) = @B, + hB,,d2* 
The left side converges, in norm, to $o + +rtD) , while the right side converges 
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to its square. It follows that D n T(D) = 0. So, D E X. Applying Zorn’s 
lemma, we have the assertion. 
LEMMA 3. Every set, E, in Z, is the disjoint union of a set from a and a set 
from s. 
Proof. Write E = [E n T(E)] u [E - T(E)]. 
LEMMA 4. The rejection, U, is reduced #, for all B, maximal in x, T(B) = B’. 
Proof. Suppose U is reduced, and consider the set B’ - T(B). By Lemma 3 
thereareAeG?andKeXsuchthatB’-T(B)=AuK.IfA# @,then 
there is D c /l such that T(D) # D. Let C = B u [D - T(D)]. Then C E X, 
contradicting the maximality of B. So A = @, and B’ - T(B) ES. But, 
now B u [B’ - T(B)] is in %, again contradicting the maximality of B. So 
B’ = T(B). Conversely, if T(B) = B’, then, given any set .& one of A n B, 
./l n B’ is nonempty, and therefore is moved by T. It follows that U is reduced. 
LEMMA 5. Every set, E, in .Z, has the form E = (A n B) u (C n B’), for 
some A and C in Ol, and for B, maximal in %-. 
Proof. Let El = E n B, E2 = E n B’. Then let A = El u T(El), 
C = E2 u T(E‘J. 
LEMMA 6. Let g = { @, B, B’, X}. If U(1) = 1, then B and 6Y are inde- 
pendent, relative to m. 
Proof. If U(1) = 1, then h = 1 (where h is the function associated with U). 
Therefore m(T(E)) = m(E) f or all E EZ. Suppose, for some A E GY, we have 
m(A n B) < m(A) . m(B). S ince m(A n B) = m(T(A n B)) = m(A n B’), and 
m(B) = m(B’), we have m(A n B’) < m(A) m(B’). But, then we obtain 
m(A) < m(A). A similar argument works for m(A n B) > m(A) . m(B), and 
so m(A n B) = m(A) . m(B). 
If U(1) = 1, then (I+ U)/2 = Ea , since the range of (1+ U)/2 is s(l, G!). 
The complement, 1- Ea , has range s(g, GQ, for g = 4s - &, . The above 
lemma tells us that this pair of contractive projections is independent. 
If U(1) = h, h # 1, we let f = 1 + h, and consider the map, V, defined 
on the Lfl space Yf by 
Clearly I’ is a reduced reflection, and V(1) = 1. Applying the above discussion 
to V, we see that {(I + V)/2, (I- V)/2} is an independent pair of contractive 
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projections, for the measure jf 1%. The contractive projections (I+ U)/2 
and (I- U)/2 can be shown to be independent, for the measure m: let the 
ranges of (1+ V)/2 and (I- V)/2 be S(1, GQ and S(& - &, , @), respectively. 
Then the ranges of (I+ U)/2 and (I- U)/2 are S(J a) and S(f(#B - &f), a), 
respectively. That they are independent is clear, from the independence of 
the induced pair, in Yf . We have shown, then, that the contractive projections 
induced by reduced reflections form an independent pair. We consider, now, 
what happens when we begin with an independent pair of contractive projections. 
Let {P, I- P} be an independent pair, with ranges S(f, Gi!), S(g, a), respec- 
tively. We consider, first, the case where f = 1; i.e., P = Ea. Because of the 
independence of a(g) and G& we may write, for B e 9(g), 
It follows that g is constant off of B, and so g is two-valued. Also, g(g) = 
{a, B, B’, X} c a. We may then assume that g& = +s . From the expression 
we see that g&p = -$B, . Therefore g = & - q&j . Since jg dm = 0, it 
follows that m(B) = m(B’). We need the following result to complete this line 
of argument : 
LEMMA 7. Every set, E, in Z, has the form E = (A n B) u (C n B’), for 
some A and C in GZ, where B is the set described above. 
Proof. It suffices to show that, for every E in Z, En B = A n B for 
some A E a. Suppose there is E for which this is false. Let E* = E n B. 
Since S(1, GQ @ S(g, a) = Lg , we have 
Let A = N(Ea(&)), and J = A n (B - E). Then clearly A G a and also 
J# @(if J= @,thenEnB =AnB, contrary to our assumption about E). 
Therefore 
Both Ea(&) and E@‘(#+/g) are positive, with supports strictly larger than E*. 
The above equation forces g to assume negative values on J, a contradiction, 
since J C B. Now, we define a set mapping, T, on Z, by 
T(E) = T((A n B) u (C n B’)) = (A n B’) u (C n B) 
Then T is measure-preserving [since E@(g) = 0, m(A n B) = m(A n B’) for 
all A E a]. We obtain a reduced reflection, U, by defining 
Wd = h-w for all E G Z, 
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and we see that Eg = (I + U)/2. W e consider, now, the case where f # 1; 
i.e., P # Ea. On the space Yf we define an operator, P’, by 
It is easily seen that {P’, I- P’} is an independent pair of contractive projections, 
and that P’ is a conditional expectation. The above argument, applied to P’, 
tells us that P’ = (I+ I92 for some reduced reflection, F’, on Yf. On Lg, 
define U by 
It is clear that lJ is a reduced reflection on LD , and, moreover, P = (I + U)/2. 
We have shown, then, that every independent pair of contractive projections 
is induced by a reduced reflection. 
We assume, finally, that the third statement of the theorem is valid; there 
is a sub-u-algebra, LJ?, of Z, and a set B, in 2, such that, for every E in .Z, 
E = (A n B) u (C n B’), 
for some A, C in 02. We shall show that there is a reduced reflection, U, on La , 
such that the invariant sub-space of U is generated by 02. Define a set mapping, 
T, on Z, by 
T(E) = T((A n B) u (C n B’)) = (A n II’) u (C n B) 
and let 1 f 1~ be the Radon-Nikodym derivative of the measure m* [defined 
by m*(E) = m(T(E))] with respect to m. Then, the mapping U, defined by 
extends to a reduced reflection on LD , with invariant subspace, ,!?(l + f, Ol). 
We have proven Theorem 1. 
We shall now prove the following: 
THEOREM 2. If {P, I - P} is a total pair of contractive projections on LD , 
then it is an independent pair. 
To prove this we need some notation and lemmas. Suppose the ranges are 
S(f, 02) and s(g, a), respectively. Then, the projections P’, and 1- P’, on 
Yf, defined by 
~‘@~ = PCfW 
form an independent pair iff {P, I - P} is independent. Therefore, we shall 
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consider only the case where f = I ; i.e., P = Eg. Since P and I - P are 
contractive projections on Lp , considered as a real Banach space, we may 
choose g to be real valued. Let J3 = AJ(g+), B’ .- = N(g-) [where g+(x) = 
max(g(x), O)]. The following lemma is needed: 
LEMMA 8. Every E E 2 has the form E = (A n B) u (C n B’) for some A, C 
in GY. 
Proof. The proof is identical with that of Lemma 7. In that proof we made 
no use of the independence of the pair, nor did we use any other information 
about the set, B, other than that g was positive on B. 
Now, as in the case above, we defme a set mapping, T, by 
T(E) = T((A n B) u (C n B’)) = (A n B’) u (C n B). 
It is easily shown that T is a regular set isomorphism on 2. Define a measure, 
m*, on .Z, by 
m*(E) = MA) + h(C), 
and let 1 f 19 be the Radon-Nikodym derivative, dm*/dm. With respect to the 
measure, 1 f ]prn, the mapping T is measure-preserving, and therefore induces 
a reflection, U’, in Yf, by 
It is easy to see that U’ is reduced, and that U’(1) = 1. The above theorem 
tells us that we can decompose Yf as follows: 
Yf = ~(1 , a) + q&3 - h?, , q 
The projection onto ,!9( 1, a) is Ea’, and {Ea’, I - Ea’} is an independent pair 
in Y1 . 
LEMMA 9. If h ELM , thm E@‘(h/f) = E&h .f+l)/E&] f ]P). 
Proof. The right-hand term is /Z-measurable. We show that it has the 
defining property of the conditional expectation, Ea’(h/f). Let A E (Z. Then 
J LWWY4dl f I91 If lp dm A 
zzz 
J 
E&hj+l) dm, sinceE&]flp)=l and jflbdm=dmonOZ, 
A 
= J AWl If lpdm. 
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LEMMA 10. For h IZL~ , 
I&‘(h/f) = E@(hpl). 
Proof. This follows from Lemma 9, above, upon noticing that .!?&I f ip) = 1 
(which is true, since, as above, the measure, m*, is identical with m, on sets in @). 
LEMMA 11. For all h E LD , .?3a(hjp-1) is in LD . 
Proof. It is clearly in Ll . Since Eg(Ajp-l) is &measurable, we have 
LEMMA 12. An C&measurable function is in LD ifl it is in Yf . 
Proof. This is a simple consequence of the equality of m and m* on sets of a. 
By Lemma 12 the cycle s(l, cZ) G Yf is in LD , and since m = m* for sets 
in GZ, we can see that &‘(l, G?) is closed in L9 . Similarly, any function in 
S(& - c,& , CT) C Yf is shown to be in LD , and this second cycle is also closed 
in LD , for the same reason. Since Yk n LD is dense in the latter, we conclude 
that LV can be decomposed 
It follows that the original g, in the representation of the range of 1- P could 
have been chosen to be & - &,, . Since sA g dm = 0 for all A E a, we have 
m(A n B) = m(A n B’), and so T is measure-preserving with respect to m. 
It follows that GZ and ,/3(g) are independent. We have proven Theorem 2. 
From our discussion, above, concerning the decomposition of a reflection 
into a reduced reflection and the identity, restricted to complementary cycles 
of the type +b, 3 W+k , z), we can conclude with the following 
COROLLARY. If P is a contractive projection on LD , then I - P is contractive 
z$ there is a rejection, U, on LD , such that P = (I + U)/2. The pair {P, I - P} 
is total iff U is reduced. 
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3. GENERATED REFLECTIONS 
In this section we show that an arbitrary linear isometry on LD gives rise, 
in a natural way, to a reflection. 
If V is an isometry of L9 onto L9 , we let Pv be the contractive projection 
onto the invariant subspace of V. Since LD is reflexive, the mean ergodic theorem 
implies that P” is the limit, in the strong-operator topology, of the Cesko 
sums, (l/n + 1) zy=a Vi. 
LEMMA 13. Ij V is an isometry of LD , then 
(1) P” + P+ is the contra&ive projection onto the invariant subspace of Vz; 
(2) If f is in the range of P” and g is in the range of PM”, then 
llf +gll = If -gIli 
(3) The operator P” - P.+ leaves the inwariant subspace of Vz poidwise 
$xed, and is a rejection, when restricted to this subspace. 
Proof. (1) This follows from a consideration of the Ces&ro limits and is 
not difficult. (2) This is shown by sequence 
llf +gll = II VCf + (3 = llf -Al. 
To prove (3), we let f be in the range of Pv - Ppv, so that f = g & h, where 
V(g) = g, V(h) = -h. Then V2(f) = f. From (2) we see that P” - P-V is an 
isometry on the invariant subspace of V2, and since P”P-” = P+Pv = 0, 
we have 
(P” - P-“)S = P” + P-v = I, 
on the invariant subspace of V2. 
THEORJIM 3. If V is an isometry of L9 onto LD , with V(1) = 1, and $ 
Lpf = S(1, g), for S?, the sub-a-a lgebra generated by the sets E e Z such that 
EVj = VjE for some j = 2j, i = 0, 1,2 ,..., then there is an operator, W, with 
range, L9’, such that 11 Wf 11 = 11 E9f 11 for all f ELD, and W2 = Ea ; i.e., W 
is a reflection, on LD’. 
Proof. By considering the sequence of contractive projections, P5 = Pvj, 
j = 2i, i > 1, and using Lemma 13, we obtain a sequence of operators, Ui , 
with .EJt = Pi, Ui[LD] = PJLp], and 11 Udf 11 = 11 Pif 11 for all f. It is easily 
shown that 
UjJJj = uj , 
lJiPi = lJi . 
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From the marginale convergence theorem, the sequence {pi} converges, in the 
strong operator topology to a contractive projection, I”, with range Lp’. This 
implies that the sequence { Ui} also converges, since, for each f, 
II Ui+*f - Uif II < II PiCUi+jf - Gf Ill + w - ~d(Ui+if - Uif II 
= II UiC”i+jf - uif II + II ui+jf - pi”i+jf II 
= II pi+j”i+jf - pi”i+jf II 
= II Ui+Pi+jf - Pdf Ill 
< II ui+j II II Pi+if - Pif II* 
Since I] Ui+j 11 < 2, this last term can be made arbitrarily small. Let 
W = lim(i)Ud . Then, for all f, 
II JYf II = lid9 II Usf II 
= lim(i) 11 Pif 11 
= II WI> 
and given e > 0, and i, j, Iz large enough, 
II wYm pYll - c -C II ui”jf - p.kf II 
= II UiUjf - pjf + pjf - pkf II 
-c II UiUjf - P9.f II + II Pjf - Pkf II 
= II ui”jf - uj”if II + II pjf - pkf II 
< II uj II II uif - ujf II + II pjf - p?cf II* 
Since the Ug are increasing, it is clear that W has the required range. 
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